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Coherent scattering of photons is a novel mechanism of optomechanical coupling for optically
levitated nanoparticles promising strong, versatile interactions with light and between nanoparticles.
We show that it allows efficient deterministic generation of Gaussian entanglement between two
particles in separate tweezers. A combination of red- and blue-detuned tweezers brings a mechanical
Bogoliubov mode to its ground state. An additional, dispersively coupled cavity mode can reduce
noise in the orthogonal mode, resulting in strong entanglement as quantified by the logarithmic
negativity and verifiable with the Duan criterion for realistic experimental parameters. Such an
important resource for quantum sensing and quantum simulations is pivotal for current experiments
and presents an important step towards optomechanics with multiple particles in the quantum
regime.
Introduction. Nonclassical states of macroscopic me-
chanical resonators offer a unique opportunity to in-
vestigate the boundary between classical and quantum
worlds [1–5]. Particularly mechanical modes formed by
center-of-mass motion of optically levitated particles [6–
8] attracted attention in this regard as they do not suffer
from clamping losses, allowing for efficient isolation from
thermal noise. Moreover, optical trapping allows versa-
tile modification of the potential in space and time [9–
11]. Over the years, the field of levitated optomechanics
reached remarkable level of control over the degrees of
freedom down to the quantum regime [12, 13], using op-
tomechanical interactions not only for investigating the
quantum-to-classical transition but also for thermody-
namics [14–16] or force sensing [17–20]. Recently, coher-
ent scattering of tweezer photons into an empty cavity
mode arose as an interesting coupling mechanism [21],
allowing efficient cooling [22, 23] (even down to the quan-
tum ground state [12]) and strong optomechanical cou-
pling [24]. Theoretical proposals suggest to employ it
for three-dimensional displacement detection [25] or for
preparation of nonclassical mechanical states [26, 27].
As the level of control of levitated particles progresses,
systems involving multiple mechanical and electromag-
netic modes become attractive for quantum sensing, sim-
ulations, and thermodynamics. These advances follow
the development of cavity optomechanics with clamped
mechanical resonators in which theoretical proposals
and experimental demonstrations addressed generation
of nonclassical correlations between fields [28–31] or be-
tween photons and phonons [32–36]. Entanglement be-
tween mechanical modes can also be prepared, for exam-
ple, by measurements [37, 38], via parametric or blue-
sideband driving [39–42], or using reservoir engineer-
ing [43–46]. Particularly the last strategy is attractive
as it allows Gaussian entanglement to be generated de-
terministically in the steady state. Proposals for entan-
glement generation tailored for levitated systems exist
as well but they either rely on weak nonlinear interac-
tions [47] or employ photon counting [27] and are highly
susceptible to thermal noise.
Here, we propose and analyze a scheme to create Gaus-
sian two-mode squeezed entangled states of two nanopar-
ticles deterministically in the steady state. The particles
are levitated by two separate tweezers and coupled to
the same optical cavity mode via coherent scattering.
A suitable combination of tweezer detunings (the first
tweezer is detuned to the red sideband while the second
tweezer is detuned to the blue sideband; see Fig. 1) al-
lows us to cool a collective mechanical Bogoliubov mode
to its quantum ground state [43–45]. To combat the
strong thermal noise present in the orthogonal Bogoli-
ubov mode and open a road to entanglement generation
in realistic conditions, we employ a second cavity mode
coupled to both particles via the more common disper-
sive coupling and driven on the red sideband by an ex-
ternal laser [48]. Unlike existing proposals for dissipative
(a) (b)
Figure 1. Schematic of the proposed setup. (a) Two lev-
itated particles are trapped in two tweezers of different fre-
quencies and coupled to a cavity mode via coherent scatter-
ing (a1, dark green); another cavity mode (a2, light green)
is driven by an external pump and coupled to the particle
motion dispersively. (b) The two mechanical modes b1,2 [cou-
pled to the cavity mode a1 via beam-splitter (red arrow) and
two-mode squeezing (blue) interaction, respectively] form two
Bogoliubov modes β1,2 which are predominantly coupled to
one cavity mode each. The first Bogoliubov mode β1 cou-
ples via coherent scattering to the cavity mode a1 with only
a weak coupling to the second cavity mode a2. The second
Bogoliubov mode β2 interacts only with a2.
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2preparation of two-mode squeezing (which require up to
four driving fields [44, 46]), our scheme requires only one
external drive and can generate nonclassical correlations
between two mechanical modes starting from room tem-
perature in state-of-the-art levitated systems. Our work
thus presents an important step towards exploring quan-
tum effects in the collective motion of multiple levitated
particles and to the applications mentioned above.
Cooling a Bogoliubov mode via coherent scattering.
We consider two particles trapped in separate tweezers
and placed inside a cavity as shown in Fig. 1(a). For
each particle, the tweezer defines a harmonic potential
with frequency Ωj , j = 1, 2, and scattering of the tweezer
photons into the cavity provides the optomechanical in-
teraction. For the first particle (mechanical annihilation
operator b1), the tweezer frequency ν1 is lower than the
frequency ω1 of cavity mode a1 by the mechanical fre-
quency, ω1 = ν1 +Ω1, such that scattering into the cavity
mode annihilates a phonon. The other tweezer is higher
than the cavity frequency by one mechanical frequency,
ω1 = ν2 − Ω2, and scattering creates pairs of photons in
the cavity mode and phonons in the motion of the second
particle (operator b2). The total Hamiltonian, under the
rotating wave approximation, is given by [49]
Hcs = −λ1(a†1b1 + b†1a1)− λ2(a1b2 + a†1b†2), (1)
where λj are the coupling strengths. To see how
this Hamiltonian leads to steady-state two-mode squeez-
ing, we introduce the Bogoliubov mode β1 = (λ1b1 +
λ2b
†
2)/λeff , where λeff =
√
λ21 − λ22. The Hamiltonian (1)
then becomes Hcs = −λeff(a†1β1 + β†1a1); this interaction
cools the Bogoliubov mode β1 to its ground state, pro-
ducing two-mode squeezing between the original modes
bj ; see also Fig. 1(b).
The dynamics of this system (in terms of the particle
modes bj) are described by the Langevin equations
a˙1 = i(λ1b1 + λ2b
†
2)−
κ1
2
a1 +
√
κ1a1,in, (2a)
b˙1 = iλ1a1 − γ1
2
b1 +
√
γ1b1,in, (2b)
b˙2 = iλ2a
†
1 −
γ2
2
b2 +
√
γ2b2,in, (2c)
where κ1 is the decay rate of the cavity mode a1 and γj
are the damping rates for the two mechanical modes. The
input noise a1,in has the correlations 〈a1,in(t)a†1,in(t′)〉 =
δ(t − t′); the thermal noise of the mechanical modes
has the correlation function 〈bj,in(t)b†k,in(t′)〉 = (2nj +
1)δjkδ(t− t′), where nj ' kBT/~Ωj is the mean thermal
occupation for mechanical frequency Ωj at temperature
T . To evaluate the generated entanglement, we solve for
the steady-state covariance matrix associated with these
dynamical equations as described in the Supplemental
Material [49]. From the mechanical covariance matrix
V , we then calculate the logarithmic negativity En which
is an entanglement measure for Gaussian states [50] and
the state purity P = 1/
√
detV . For a direct experi-
mental validation of the generated entanglement, we also
consider the violation of the Duan criterion [51]
∆EPR =
1
2
[∆(x1 + x2) + ∆(p1 − p2)] ≥ 1, (3)
where ∆(O) = 〈O2〉 − 〈O〉2 is the variance of the oper-
ator O and we defined the quadrature operators xj =
(bj + b
†
j)/
√
2, pj = −i(bj − b†j)/
√
2. The violation of
the Duan criterion (which is a sufficient condition for
entanglement) is easier to verify experimentally as it in-
volves only a pair of commuting operators to be measured
whereas determination of the logarithmic negativity re-
quires full tomography to obtain the whole covariance
matrix V .
The results of these simulations are shown in Fig. 2(a)–
(c). For these plots, we consider experimental param-
eters similar to the recent coherent scattering experi-
ments [12, 22]. Entanglement between the two parti-
cles can be generated for thermal noise levels surpass-
ing nj = 10
6 as verified by the logarithmic negativity
[panel (a)]; for mechanical frequency of 305 kHz, this
noise level corresponds to a temperature of about 15 K.
With high levels of thermal noise, the logarithmic neg-
ativity drops to zero for λ2 → λ1 as the coupling rate
of the Bologiubov mode λeff → 0. The EPR variance,
on the other hand, drops below the classical limit only
for very small amounts of thermal noise, nj . 1 [panel
(b)]; for nj = 10
6 (not shown), the minimum attainable
EPR variance is ∼ 5 × 105. This discrepancy is caused
by the inherent asymmetry of the mechanical state where
the first mechanical mode b1 is actively cooled by the op-
tomechanical interaction whereas the second mechanical
mode b2 is heated up. The Duan criterion should, in its
full generality, still be able to detect entanglement when
this asymmetry is taken into account. Such a verification
scheme would, however, be more difficult experimentally
than a direct measurement of the collective operators
x1 + x2 and p1 − p2 and would require full tomogra-
phy of the covariance matrix. Finally, the state purity
quickly drops with increasing thermal noise as shown in
panel (c). These results are understandable since we cool
only the Bogoliubov mode β1 while the orthogonal Bo-
goliubov mode β2 = (λ2b
†
1 + λ1b2)/
√
λeff is decoupled
from the cavity field and remains in a thermal state.
Noise suppression via dispersive coupling. To make
the scheme more noise-tolerant, we use optomechani-
cal coupling to an additional cavity mode a2 which will
bring the noise in the mechanical Bogoliubov mode β2
down. As this optical mode will be far detuned from
the tweezers, we cannot use coherent scattering to cou-
ple the particles to this mode but instead employ the
more conventional dispersive optomechanical coupling.
We drive the mode a2 on the red mechanical sideband
(here, we assume equal mechanical frequencies, Ω1 = Ω2)
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Figure 2. (a)–(c) Generation of two-particle entangle-
ment using coherent scattering with the Hamiltonian Hcs.
We plot the logarithmic negativity (a), EPR variance (b),
and mechanical-state purity (c) versus the ratio of the cou-
pling strengths λ2/λ1 for the thermal noise levels nj = 0
(solid lines), nj = 1 (dashed), nj = 10
6 (dotted), and
nj = 2× 107 (dot-dashed) with the mechanical quality factor
Qj = Ωj/γj = 10
8. (d)–(f) Entanglement generation using
a combination of coherent scattering and dispersive optome-
chanics as described by the Hamiltonian H = Hcs + Hdisp;
here, we consider thermal noise nj = 2 × 107 and mechan-
ical quality factors Qj = 10
8 (dotted lines), Qj = 10
9
(dashed), and Qj = 10
10 (solid). The remaining param-
eters, equal for both sets of plots, are λ1/Ω1 = 0.35 and
κ1/Ω1 = 0.4. For panels (d)–(f), the dispersive coupling
strengths are g1/Ω1 = 0.01 and g2/Ω1 = 0.065 and we as-
sume equal mechanical frequencies, Ω1 = Ω2. In panels (b),
(e), the horizontal black line gives the classical limit; EPR
variance smaller than this bound, ∆EPR < 1, implies that the
two particles are entangled.
such that, in the rotating frame and under the rotat-
ing wave approximation, the total Hamiltonian becomes
H = Hcs +Hdisp, where Hcs is given in Eq. (1) and
Hdisp = g1(a
†
2b1 + b
†
1a2) + g2(a
†
2b2 + b
†
2a2). (4)
We can express the dispersive part of the Hamilto-
nian as Hdisp = (g1λ1β1 − g2λ2β†1)a†2/λeff + (g2λ1β2 −
g1λ2β
†
2)a
†
2/λeff + H.c. which shows that the cavity mode
a2 generates single-mode squeezing for both Bogoliubov
modes [52]. Ideally, the dispersive Hamiltonian Hdisp
should only cool the Bogoliubov mode without any ad-
ditional interactions; single-mode squeezing introduces
asymmetry in the steady state, making the generated
entanglement undetectable by the Duan criterion. For
λ1 > λ2 (which is necessary for dynamical stability
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Figure 3. Mechanical steady state as a function of the dis-
persive coupling. The logarithmic negativity (a), EPR vari-
ance (b), and state purity (c) are plotted against the ratio of
the dispersive couplings g2/g1 for g1/Ω1 = 0.001 (solid line),
g1/Ω1 = 0.01 (dashed line), and g1/Ω1 = 0.1 (dotted line).
The remaining parameters are the same as in Fig. 2; in addi-
tion, we have λ2/Ω1 = 0.27, Qj = 10
9, and Ω1 = Ω2.
and well-defined Bogoliubov modes) and g1 < g2, the
dominant part of the dispersive Hamiltonian is indeed
g2λ1(a
†
2β2 +β
†
2a2)/λeff and the second cavity mode cools
the Bogoliubov mode β2, reducing the amount of ther-
mal noise in the mechanical steady state. The small ad-
ditional squeezing contribution and a weak residual cou-
pling to the first Bogoliubov mode β1 slightly alleviate
the steady-state noise [see also Fig. 1(b)].
We plot the resulting entanglement and mechanical
state purity in Fig. 2(d)–(f). Efficient generation of
entanglement—confirmed by both logarithmic negativ-
ity and EPR variance—is possible with realistic values for
the thermal noise (nj ' 2×107 corresponding to thermal
noise for 305 kHz mechanical modes at room tempera-
ture, T = 300 K). Particularly the drop in the EPR vari-
ance shows that the addition of the dispersive coupling
helps symmetrize the mechanical steady state. This ob-
servation is further supported by the state purity which
remains high for a broad range of coupling-strength ra-
tios λ2/λ1. Finally, the considered mechanical quality
factors ranging between 108 and 109, which allow the
EPR variance to drop below the classical bound of unity,
have been realized in recent experiments [12, 22] or can
be reached with moderate improvements to the vacuum;
the strength of the dispersive coupling considered here
is feasible in levitated systems as well [53]. Finally, al-
though we only show results obtained under the rotating
wave approximation here, we analyse dynamics beyond
this approximation in the Supplemental Material [49] and
show that the finite sideband ratio still allows compara-
bly large entanglement to be generated.
To further confirm our intuition regarding the col-
lective Bogoliubov modes, we investigate the variation
of entanglement with the dispersive coupling rates in
Fig. 3. For a fixed value of the dispersive coupling
g1, there exists an optimum coupling g2 that simulta-
4neously maximizes the logarithmic negativity and pu-
rity while minimizing the EPR variance. When g2 is
too small, the cooling of the second Bogoliubov mode,
∝ g2λ1β2a†2 + H.c., is weak; large g2, on the other hand,
enhances the single-mode squeezing of the first Bogoli-
ubov mode, ∝ g2λ2β1a2 + H.c., eventually leading to in-
stability. Moreover, as the value of g1 starts approach-
ing the coherent-scattering coupling (the dotted lines in
Fig. 3), the generated entanglement starts to drop since
the dispersive coupling begins to damp the quantum cor-
relations generated by the coherent-scattering interac-
tion. These results thus confirm our understanding and
show that there is a broad range of dispersive coupling
strengths for which entanglement between the particles
can be generated.
Unequal mechanical frequencies. So far, we assumed
both mechanical frequencies to be the same, Ω1 = Ω2,
which might be difficult to achieve in practice with
nanoparticles of variable sizes. When the frequencies
are different, the interactions in the coherent-scattering
Hamiltonian Hcs can still remain resonant when suitable
tweezer frequencies are used as discussed above; the Bo-
goliubov mode β1 can thus still be efficiently cooled by
coherent scattering. The dispersive coupling with a single
driving frequency (set on the red sideband of the second
mechanical mode), on the other hand, becomes gener-
ally time-dependent and cannot efficiently cool the Bo-
goliubov mode β2. The most natural choice is then to
make the interaction between a2 and b2 resonant as this
mode is—unlike b1—not cooled down by the coherent-
scattering interaction. We thus obtain the dispersive
Hamiltonian
Hdisp = g1a2b
†
1e
iδ12t + g2a2b
†
2 + H.c., (5)
where δ12 = Ω1−Ω2 is the detuning between the two me-
chanical modes. To solve the resulting time-dependent
Lyapunov equation in the steady state, we express the
periodic dynamics in the Floquet space and solve the re-
sulting time-independent version [49, 54]. The results of
this simulation (see Fig. 4) show that the detuning has
negligible effect on the generated entanglement, proving
that strong quantum correlations can be efficiently pre-
pared also with particles of unequal frequencies.
If, on the other hand, the second cavity field is reso-
nant with the first mechanical mode (with the dispersive
Hamiltonian Hdisp = g1a2b
†
1 + g2a2b
†
2e
−iδ12t + H.c.), the
performance of our scheme worsens, which we discuss fur-
ther in the Supplemental Material [49]. The logarithmic
negativity of the mechanical steady state remains high
even for a large detuning between the two mechanical
modes; however, as the second mechanical mode becomes
off-resonant with the cavity field, the state purity de-
creases and the EPR variance increases. This behavior
shows that this regime is not well suited for entangle-
ment generation, further supporting our understanding
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Figure 4. Entanglement generation with unequal mechanical
frequencies with the Hamiltonian Hcs +Hdisp, where Hdisp is
given in Eq. (5). We again show the plots for the logarith-
mic negativity (a), EPR variance (b), and purity (c) versus
the ratio of coherent scattering coupling strengths λ2/λ1. We
show results for δ12 = 0 (solid), δ12/Ω1 = 0.2 (dashed), and
δ12/Ω1 = 0.4 (dotted); both mechanical modes have the qual-
ity factor Qj = 10
9 and the remaining parameters are the
same as in Fig. 2.
that the dispersive coupling needs to efficiently remove
noise from the second mechanical mode b2.
Discussion and outlook. For our simulations, we
worked with parameters close to the recent experimental
demonstrations of optomechanical cooling via coherent
scattering [12, 22]. The main differences are a slightly
improved cavity decay rate (achievable with an improved
coating of the cavity mirrors) and smaller thermal deco-
herence rate of the mechanics (possible by reducing the
pressure in the vacuum chamber from 10−6 mbar used
in Ref. [12]). Moreover, the values of dispersive cou-
pling considered here are also in the range available in
experiments with levitated particles; coupling as strong
as g/Ω = 0.1 has recently been demonstrated [53]. Fi-
nally, the effect of counterrotating terms, associated with
a finite sideband ratio κi/Ωj and coupling λj/Ωj , does
not preclude the generation of entanglement in state-of-
the-art optomechanical systems.We discuss this point in
more detail in the Supplemental Material [49] where we
use an extension of the Lyapunov equation into the Flo-
quet space associated with the periodic nature of these
terms [54].
In summary, we presented a scheme that generates
entanglement between two levitated nanoparticles deter-
ministically in the steady state. Coherent scattering of
photons from tweezers into an empty cavity mode can
be used for two-mode squeezing of the particle motion
when suitable detunings between the tweezers and the
cavity are used. We showed how coherent scattering
from the tweezers into an empty cavity mode, together
with a second, dispersively coupled cavity mode, can be
used to cool two mechanical Bogoliubov modes, creat-
ing a two-mode squeezed stationary state. Crucially, our
work demonstrates that it is not necessary to engineer ex-
5act cooling dynamics for both Bogoliubov modes which
would require complicated multitone driving schemes; in-
stead, it is sufficient to create such dynamics approxi-
mately using coherent scattering and dispersive optome-
chanical interaction with a single driving tone.
With levitated optomechanics entering the quantum
regime, our proposal presents a viable approach towards
creating complex nonclassical states of massive objects
at room temperature. Our results show an attractive
way towards engineering quantum dynamics and states
of collective motion of multiple particles with minimal
resources with possible extensions to the preparation of
similar states across macroscopic distances or with more
than two particles. In classical levitated optomechan-
ics, multiparticle effects have already been observed [55];
extending the dynamics of multiple particles to the quan-
tum regime presents an important steps forward for both
basic and applied science, allowing new tests of decoher-
ence models and schemes to measure weak forces or fields.
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SYSTEM HAMILTONIAN
The total Hamiltonian of the system as depicted in Fig. 1(a) of the main text consists of the kinetic energy of the
particles, the energy of the cavity fields, and the interaction between the particles and fields. As described by Gonzalez-
Ballestero et al. [21], the interaction includes the trapping potential of the tweezers [given by − 12αE2j (xj), where
Ej(xj) is the electric field of the jth tweezer at the position of the particle xj ], the usual dispersive optomechanical
interaction (given by a similar expression for the electric field of the cavity mode) of the form Ga†a(b+ b†), and the
coupling mediated by coherent scattering (given by the product of the tweezer and cavity fields) given by λ(a+a†)(b+
b†)(eiνt + e−iνt), where ν is the frequency of the tweezer. Moving to a frame in which the cavity mode a1 oscillates
at the frequency of the first tweezer, ν1, we have
H = ∆1a
†
1a1 + Ω1b
†
1b1 + Ω2b
†
2b2 − λ1(a1 + a†1)(b1 + b†1)− λ2(a1eiδt + a†1e−iδt)(b2 + b†2), (S1)
where ∆1 = ω1 − ν1 is the detuning between the first tweezer and the cavity resonance ω1 and δ = ν2 − ν1 is the
detuning between the two tweezers. Next, we set the detunings as ∆1 = Ω1, δ = Ω1 + Ω2 and move to the rotating
frame with respect to the free oscillations of all three modes, ∆1a
†
1a1 + Ω1b
†
1b1 + Ω2b
†
2b2; under the rotating wave
approximation, we obtain the coherent-scattering Hamiltonian
Hcs = −λ1(a†1b1 + b†1a1)− λ2(a1b2 + a†1b†2). (S2)
Including the second cavity mode, we can rewrite Eq. (S1) as
H = ∆1a
†
1a1 + ω2a
†
2a2 + Ω1b
†
1b1 + Ω2b
†
2b2 − λ1(a1 + a†1)(b1 + b†1)− λ2(a1eiδt + a†1e−iδt)(b2 + b†2)
+ a†2a2[G1[b1 + b
†
1) +G2(b2 + b
†
2)] + a
†
2e
−iωLt + ∗a2eiωLt;
(S3)
here, Gj denotes the single-photon coupling rate of the dispersive optomechanical coupling and  is the amplitude
of an external drive at frequency ωL. Using standard linearization techniques [48] and setting the detuning ∆2 =
ω2 − ωL = Ω2, we obtain the interaction-picture Hamiltonian
H = −λ1(a†1b1 + b†1a1)− λ2(a1b2 + a†1b†2) + g1(a†2b1e−iδ12t + b†1a2eiδ12t) + g2(a†2b2 + b†2a2), (S4)
where gj = Gjα, α is the classical steady-state amplitude of the mode a2, and δ12 = Ω1−Ω2 is the detuning between
the two mechanical modes. Assuming equal mechanical frequencies, δ12 = 0, the Hamiltonian (S4) simplifies to
H = −λ1(a†1b1 + b†1a1)− λ2(a1b2 + a†1b†2) + g1(a†2b1 + b†1a2) + g2(a†2b2 + b†2a2), (S5)
LYAPUNOV EQUATION
The dynamics of the system are described by the Langevin equations
a˙1 = i(λ1b1 + λ2b
†
2)−
κ1
2
a1 +
√
κ1a1,in, (S6a)
a˙2 = −i(g1b1 + g2b2)− κ2
2
+
√
κ2a2,in, (S6b)
b˙1 = iλ1a1 − ig1a2 − γ1
2
b1 +
√
γ1b1,in, (S6c)
b˙2 = iλ2a
†
1 − ig2a2 −
γ2
2
b2 +
√
γ2b2,in, (S6d)
8where κj is the cavity decay rate and γj is the mechanical amplitude damping. We also introduced the input noise
operators aj,in, bj,in with the usual correlation functions
〈aj,in(t)a†k,in(t′)〉 =
√
κjδjkδ(t− t′), (S7a)
〈bj,in(t)b†k,in(t′)〉 =
√
γj(2nj + 1)δjkδ(t− t′) (S7b)
with nj = kBT/~Ωj denoting the average thermal occupation of the mechanical bath at temperature T . Introducing
the cavity quadrature operators Xj = (aj + a
†
j)/
√
2, Yj = −i(aj − a†j)/
√
2 and canonical mechanical operators xj =
(bj + b
†
j)/
√
2, pj = −i(bj − b†j)/
√
2, we can write the Langevin equations in the compact matrix form
r˙ = Ar + ξ, (S8a)
r = (X1, Y1, X2, Y2, x1, p1, x2, p2)
T , (S8b)
ξ = (
√
κ1X1,in,
√
κ1Y1,in,
√
κ2X2,in,
√
κ2Y2,in,
√
γ1x1,in,
√
γ1p1,in,
√
γ2x2,in,
√
γ2p2,in)
T (S8c)
A =

− 12κ1 0 0 0 0 −λ1 0 λ2
0 − 12κ1 0 0 λ1 0 λ2 0
0 0 − 12κ2 0 0 g1 0 g2
0 0 0 − 12κ2 −g1 0 −g2 0
0 −λ1 0 g1 − 12γ1 0 0 0
λ1 0 −g1 0 0 − 12γ1 0 0
0 λ2 0 g2 0 0 − 12γ2 0
λ2 0 −g2 0 0 0 0 − 12γ2

, (S8d)
where the input noise quadrature operators are defined in full analogy to the quadrature operators of the cavity and
mechanical modes. The steady state of the system can now be found by solving the Lyapunov equation
AV + V AT +N = 0, (S9)
where V with elements Vjk = 〈rjrk + rkrj〉 − 2〈rj〉〈rj〉 is the covariance matrix of the system’s Wigner function and
N = 〈ξ(t)ξT (t)〉 = diag[κ1, κ1, κ2, κ2, γ1(2n1 + 1), γ1(2n1 + 1), γ2(2n2 + 1), γ2(2n2 + 1)]. (S10)
The properties of the mechanical state (the logarithmic negativity, state purity, and EPR variance), are encoded in
the lower right 4× 4 block of the covariance matrix V .
DYNAMICS WITH UNEQUAL MECHANICAL FREQUENCIES
The Lyapunov equation cannot be straightforwardly used to describe a system where the two mechanical modes have
different frequencies as the problem becomes time-dependent. Starting from the rotating-frame Hamiltonian (S4), we
obtain the Langevin equations
r˙ = A(t)r + ξ, (S11a)
A(t) =

− 12κ1 0 0 0 0 −λ1 0 λ2
0 − 12κ1 0 0 λ1 0 λ2 0
0 0 − 12κ2 0 −g1 sin(δ12t) g1 cos(δ12t) 0 g2
0 0 0 − 12κ2 −g1 cos(δ12t) −g1 sin(δ12t) −g2 0
0 −λ1 g1 sin(δ12t) g1 cos(δ12t) − 12γ1 0 0 0
λ1 0 −g1 cos(δ12t) g1 sin(δ12t) 0 − 12γ1 0 0
0 λ2 0 g2 0 0 − 12γ2 0
λ2 0 −g2 0 0 0 0 − 12γ2

, (S11b)
where the vector of input noise operators is the same as before and is given by Eq. (S8c). The rotating wave
approximation cannot be applied to the time-dependent part of the evolution since δ12 = Ω1 − Ω2 is not necessarily
larger than the cavity decay and optomechanical coupling rates.
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Figure S1. Entanglement generation with particles of different mechanical frequencies. We assume that the second cavity mode
a2 is driven on the red sideband of the first mechanical mode b1 as described by the Hamiltonian (S15) or drift matrix (S16).
The logarithmic negativity (a), EPR variance (b), and purity (c) are plotted versus the ratio of the coupling through coherent
scattering λ2/λ2 for δ12 = 0 (solid line), δ12/Ω1 = 0.2 (dashed), δ12/Ω1 = 0.4 (dot-dashed), and δ12/Ω1 = 0.8 (dotted). The
remaining parameters are the same as in Fig. 4 of the main text.
To take these oscillating terms into account, we combine the Lyapunov equation with Floquet techniques to obtain
an effective time-independent Lyapunov equation that includes the effect of these time-dependent terms [54]. We
start by expressing the drift matrix A(t) in terms of its Fourier components defined via the expression
A(t) = A(0) +
√
2
∞∑
n=1
[A(n)c cos(nδ12t) +A
(n)
s sin(nδ12t)], (S12)
where each of the matrices A(0), A
(n)
c,s is time independent. We can now formulate the Lyapunov equation in the
Floquet-space,
AFVF + VFA
T
F +NF = 0, (S13)
where we introduced the Floquet-space drift matrix
AF =

A(0) A
(1)
c A
(1)
s 0 0 . . .
A
(1)
c A(0) −δ12I 1√2A
(1)
c
1√
2
A
(1)
s
A
(1)
s δ12I A
(0) − 1√
2
A
(1)
s
1√
2
A
(1)
c
0 1√
2
A
(1)
c −A(1)s A(0) −2δ12I
0 1√
2
A
(1)
s
1√
2
A
(1)
c 2δ12I A
(0)
...
. . .

(S14)
with I denoting the 8× 8 identity matrix and the Floquet-space diffusion matrix NF = diag(N,N,N,N,N, . . .) with
N defined in Eq. (S10). The solution is now contained in the zeroth frequency block of the covariance matrix VF (in
its upper left 8 × 8 corner); the mechanical covariance matrix is obtained from this component the same way as for
the previous case with the rotating wave approximation. The simulation results are plotted in Fig. 4 of the main text.
Alternatively, the second cavity mode a2 can be driven on the red sideband of the first mechanical mode b1. In this
case, the Hamiltonian is
H = −λ1(a†1b1 + b†1a1)− λ2(a1b2 + a†1b†2) + g1(a†2b1 + b†1a2) + g2(a†2b2eiδ12t + b†2a2e−iδ12t), (S15)
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and the drift matrix becomes
A(t) =

− 12κ1 0 0 0 0 −λ1 0 λ2
0 − 12κ1 0 0 λ1 0 λ2 0
0 0 − 12κ2 0 0 g1 g2 sin(δ12t) g2 cos(δ12t)
0 0 0 − 12κ2 −g1 0 −g2 cos(δ12t) g2 sin(δ12t)
0 −λ1 0 g1 − 12γ1 0 0 0
λ1 0 −g1 0 0 − 12γ1 0 0
0 λ2 −g2 sin(δ12t) g2 cos(δ12t) 0 0 − 12γ2 0
λ2 0 −g2 cos(δ12t) −g2 sin(δ12t) 0 0 0 − 12γ2

. (S16)
The Floquet–Lyapunov approach can be applied in full analogy with the previous case; the results are shown in
Fig. S1. The logarithmic negativity remains high even for detunings approaching the mechanical frequency (for which
the rotating wave approximation can be applied to neglect the coupling of b2 to the cavity mode a2). As the second
cavity mode is not efficiently cooled by the interaction, however, the state purity drops with increasing detuning; at
the same time, the EPR variance increases, making direct verification impossible for δ12 & 0.4Ω1.
DYNAMICS BEYOND THE ROTATING WAVE APPROXIMATION
The same formalism can be applied also to include the effect of counterrotating terms neglected in the rotating
wave approximation. We start from the Hamiltonian
H = ∆1a
†
1a1 + ∆2a
†
2a2 + Ω1b
†
1b1 + Ω2b
†
2b2 − λ1(a1 + a†1)(b1 + b†1)− λ2(a1eiδt + a†1e−iδt)(b2 + b†2)
g1(a2 + a
†
2)(b1 + b
†
1) + g2(a2 + a
†
2)(b2 + b
†
2)
(S17)
which is the Hamiltonian (S1) appended with the linearized dispersive interaction of the mechanical modes with the
cavity field a2. Moving to the rotating frame with respect to the free oscillations, H0 = ∆1a
†
1a1 + ∆2a
†
2a2 + Ω1b
†
1b1 +
Ω2b
†
2b2, we obtain the full interaction-picture Hamiltonian
H = −λ1(a†1b1 + b†1a1)− λ2(a1b2 + a†1b†2)− λ1(a1b1e−2iΩt + a†1b†1e2iΩt)− λ2(a1b†2e2iΩt + a†1b2e−2iΩt)
+ g1(a
†
2b1 + b
†
1a2) + g2(a
†
2b2 + b
†
2a2) + g1(a2b1e
−2iΩt + a†2b
†
1e
2iΩt) + g2(a2b2e
−2iΩt + a†2b
†
2e
2iΩt);
(S18)
here, we set ∆1 = ∆2 = Ω1 = Ω2 = Ω and δ = 2Ω.
We now express the time-dependent Langevin equations for the quadrature operators
r˙ = A(t)r + ξ, (S19a)
A(t) =

− 12κ1 0 0 0 −λ1s(t) −λ1c−(t) λ2s(t) λ2c−(t)
0 − 12κ1 0 0 λ1c+(t) λ1s(t) λ2c+(t) λ2s(t)
0 0 − 12κ2 0 g1s(t) g1c−(t) g2s(t) g2c−(t)
0 0 0 − 12κ2 −g1c+(t) −g1s(t) −g2c+(t) −g2s(t)−λ1s(t) −λ1c−(t) g1s(t) g1c−(t) − 12γ1 0 0 0
λ1c+(t) λ1s(t) −g1c+(t) −g1s(t) 0 − 12γ1 0 0−λ2s(t) λ2c−(t) g2s(t) g2c−(t) 0 0 − 12γ2 0
λ2c+(t) −λ2s(t) −g2c+(t) −g2s(t) 0 0 0 − 12γ2

, (S19b)
where c±(t) = 1±cos(2Ωt), s(t) = sin(2Ωt). We again express the drift matrix A(t) in terms of its Fourier components
at multiples of 2Ω and solve the Floquet-space Lyapunov equation; the results are shown in Fig. S2. The finite sideband
ratio reduces the amount of entanglement and purity of the mechanical state but both logarithmic negativity and
EPR variance remain nonclassical. Crucially, the noise due to the counterrotating terms is distributed evenly between
the two mechanical modes, allowing the presence of entanglement to be verified from the symmetric EPR variance.
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Figure S2. Comparison of the rotating wave approximation and full dynamics. We plot the logarithmic negativity (a), EPR
variance (b) and state purity (c) for RWA (dashed) and Floquet–Lyapunov method (solid) for λ1/Ω = 0.35, κj/Ω = 0.4,
g1/Ω = 0.01, g2/Ω = 0.065, Qj = 10
9, and nj = 2 × 107; the result for the rotating wave approximation is thus the same as
used in Fig. 2 of the main text.
